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Overview

▶ What is discrete scale invariance (DSI)?

▶ Critical relaxation in Holographic Superconductors

▶ Boundary model
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What is discrete scale invariance (DSI)?
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Discrete scale invariance (DSI) is the symmetry underlying the
self-similarity of fractal structures w.r.t scalings by a preferred factor.

Fractal Name Hausdorff dimension,
Preferred scaling factor

Sierpinski triangle log(3)
log(2) , 2

Sierpinski carpet log(8)
log(3) , 3
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Scale invariance (SI):
OSI(x) = µ(λ)OSI(λx)

for any λ ∈ R+ and some µ(λ) = λα.

Discrete scale invariance (DSI):
ODSI(x) = µ(λ0)ODSI(λ0x)

only for a specific scale λ0 ∈ R+ and the related scales λm0 , m ∈ Z. Solution:

ODSI(x) ∝ xα, α = − logµ
logλ0

+ i 2πn
logλ0

, n ∈ Z.

For n ̸= 0, we hence find complex critical exponents and, because of

ODSI(x) ∝ xα = xℜ(α) (cos [ℑ(α) log(x)] + i sin [ℑ(α) log(x)]) ,

log-periodic oscillations.
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Discrete Scale Invariance (DSI) plays a role in:

▶ Fractals, stock markets and earthquakes
[Sornette

1998
]

▶ Black hole formation
[Choptuik

1993
]
,

[Hirschmann and Eardley
1995

]
▶ The Efimov effect

[Hammer and Platter
2011

]
▶ Quantum Gravity

[Calcagni
2017

]
▶ Cyclic RG flows, see e.g.

[Wilson
1971

]
,

[Bulycheva and Gorsky
2014

]
,[Balasubramanian

2013
]

→ See my  talk yesterday!

▶ AdS/CMT models:
[Liu et al.; Faulkner et al.

2011; 2011
]
,

[Hartnoll et al.
2016

]
,[Erdmenger et al.

2017
]
,

[Brattan et al.
2017

]
,

[Ammon et al.
2018

]
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The bottom-up Kondo model

▶ Bottom-up holographic model of the Kondo effect
[Erdmenger et al.

2013
]
.

▶ Superficially similar to a holographic superconductor in AdS2:
Charged scalar field Φ, gauge field am.

▶ Double-trace boundary conditions imposed on Φ:
Asymptotic expansion includes vev. and Kondo coupling κ.

▶ At κ = κc, a second order phase transition happens where scalar field
in bulk condenses.

▶ In
[Erdmenger et al.

2017
]
, we studied quenches in this system by making κ

time dependent.
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In
[Erdmenger et al.

2017
]
, we studied quenches in this system by making κ time

dependent:
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Log-periodic oscillations after exactly critical quench
[Erdmenger et al.

2017
]
. Bulk

fields:

ϕ1(t, z) = tυI,ϕ cos(υR log(2πTt))ϕ̃(z) + O(tx, x < υI,ϕ < 0),

ϕ2(t, z) = tυI,ϕ sin(−υR log(2πTt))ϕ̃(z) + O(tx, x < υI,ϕ < 0),

at(t, z) = Q

z
+ µ+ O(tx, x < 0)

with υI,ϕ ≈ −1/2, υR,ϕ ≈ 3/2.

Origin of these values? - Need to understand non-linear effects!
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Open questions:

▶ Can we derive the values for υI,ϕ, υR,ϕ,? - Need to understand
non-linear effects!

▶ How can we approach the non-linear equations of motion? Ansätze?

▶ Is this behaviour generic, or specific to the Kondo model?
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Critical relaxation
in

Holographic Superconductors
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Bulk theory of a Holographic Superconductor
[Hartnoll et al.

2008b
] [Hartnoll et al.

2008a
]
:

S =
∫
d4x

√
−g

[
R− 2Λ + 1

2κ2

(
− 1

4 q2FµνF
µν − |Dφ|2 −m2|φ|2

)]
▶ Cosmological constant Λ < 0; → asympt. AdS solutions:

ds2 = 1
u2

[
−f(u) dt2 − 2 dtdu+ dx2 + dy2]

.

Asymptotic boundary at u = 0.

▶ Complex bulk scalar φ. Near boundary: φ = Ψu2 + ...

▶ Bulk U(1)-gauge field Aµ. Near boundary: At = At + ρu+ . . .

Phenomenology:

▶ For ρ < ρc, AdS-RN black hole is stable (φ = 0).

▶ Second order phase transition at ρ = ρc.

▶ Scalar hair forms for ρ > ρc, φ ̸= 0.
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Quench: Start with equilibrium
state ρ > ρc (⇒ φ ̸= 0), then
artificially switch it to ρ = ρc

suddenly
[Flory et al.

2022
]
.

Observation: Universally,

ϕ(t) ≈ 4.07√
t+ δt

ψ̇(t) − (At(t) − ρc) ≈ 0.93
t+ δt

for t ≫ 1 with Ψ = ϕeiψ.

Power law instead of QNM-like
exponential falloff! ψ̇ ∼ 1/t means
ψ(t) ∼ log(t), i.e. log-periodic
oscillations of complex phase similar
to

[Hirschmann and Eardley
1995

]
.
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|At(t) − ρc| (solid lines), |Ψ| ≡ ϕ(t)
(dashed lines), and |ψ̇(t)| (dotted
lines) for multiple exactly critical
quenches.
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Boundary model
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Via AdS/CFT, this corresponds to the physics of a superconductor (or
superfluid), where the dynamics of Ψ should be described by something like
a Ginzburg-Landau (or Gross–Pitaevskii) equation

[Tsuneto et al.
1998

]
(∼ Model

F
[Hohenberg and Halperin

1977
]
).

We propose the nonlinear phenomenological equation[
∂t − iC1

(
At(t) − ρ+ C5|Ψ(t)|2

)]
Ψ(t)

≡ −(C2 + iC3)
[
|Ψ(t)|2 − C4(ρ− ρc)

]
Ψ(t)

with parameters C1 = 1 and

C2 ≈ 0.03018 C3 ≈ 0.09308
C4 ≈ 4.09192 C5 ≈ 0.14967

determined by fitting to static behaviour and exponential falloff (at t ≫ 1)
after near-critical quenches

[Flory et al.
2022

]
.
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Exactly critical solutions:

ϕ(t) = 1√
2C2t+ 1

ϕ2
0

≈ 4.07
t1/2 + ...

ψ̇ − C1(At − ρc)

= C1C5 + C3

2C2t+ 1
ϕ2

0

≈ 0.94
t

+ ... .

Initial condition ϕ0 fixes shift on the
time axis (∼ δt)!
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|At(t) − ρc| (solid lines), |Ψ| ≡ ϕ(t)
(dashed lines), and |ψ̇(t)| (dotted
lines) for multiple exactly critical
quenches.
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Near-critical solutions

ϕ(t) =

√√√√ C4(ρ− ρc)

1 −
(

1 − C4(ρ−ρc)
ϕ2

0

)
e−2C2C4t(ρ−ρc)

describe the system not just at late,
but already at early and inter-
mediate times.

For early times t < 1
ρ−ρc

, this exact
solution is well approximated by the
critical solution (∼ power law
falloff).
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Numerical (blue) and analytical
(orange) results for a near-critical
quench. Top: ϕ(t), bottom:
ψ̇(t) − C1At(t).
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Near-critical solutions

ϕ(t) =

√√√√ C4(ρ− ρc)

1 −
(

1 − C4(ρ−ρc)
ϕ2

0

)
e−2C2C4t(ρ−ρc)

describe the system not just at late,
but already at early and inter-
mediate times.

For early times t < 1
ρ−ρc

, this exact
solution is well approximated by the
critical solution (∼ power law
falloff).
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Top: ϕ(t), bottom:
|ψ̇ − C1(At − ρc)| for varying values
of ρfinal.
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Summary

▶ Exactly at the critical point, holographic systems (Kondo:[Erdmenger et al.
2017

]
, Superconductor:

[Flory et al.
2022

]
) may relax after

perturbations in a power-law manner.

▶ This power law relaxation exhibits discrete scale invariance because of
the rotation of the complex phase.

▶ For the holographic superconductor, this behaviour can be reproduced
by a phenomenological model with high precision.

▶ Even near-critical quenches show approximate power-law behaviour at
intermediate time scales.
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Thank you very much
for your attention



Back-up slides...



The top-down Kondo model

Holographic top-down model [Erdmenger, Hoyos, O’Bannon, Wu:
1310.3271]:
Brane setup:

0 1 2 3 4 5 6 7 8 9
N D3 x x x x
N7 D7 x x x x x x x x
N5 D5 x x x x x x

▶ D3/D7 strings: chiral fermions in 1+1 d → electrons ψL.

▶ D3/D5 strings: slave fermions in 0+1 d → impurity spin S⃗ = χ†T⃗ χ.

▶ D5/D7 strings: tachyonic scalar → Formation of Kondo cloud:

⟨O⟩ ≡
〈
ψ†
Lχ

〉
̸= 0
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Kondo model: Field theory side
▶ Spin-spin interaction of electrons with a localised magnetic impurity.

This may be another type of atom (i.e. Fe in Au), or, in the Anderson
model, an electron bound in a quantum dot:

In 2-electron 
state, Coulomb 
repulsion adds 
energy U

▶ Impact on resistivity at low temperatures.

▶ At low temperature, electrons form a bound state around impurity, the
Kondo cloud.

▶ Can be mapped to a 1 + 1 dimensional system
[Affleck and Ludwig

1991
]
:

H = v

2πψ
†
Li∂xψL + v

2λKδ(x)S⃗ψ†
Lτ⃗ψL

v: Fermi velocity, λK : Kondo coupling.

3 / 5



The bottom-up Kondo model
Idea: Construct top-down model, and strip it from everything that seems
non-essential

[Erdmenger et al.
2013

]
.

▶ Dual gravity model has 2 + 1 (bulk-) dimensions.

▶ Localised spin impurity is represented by co-dimension one
hypersurface ("brane") extending from boundary into the bulk.

▶ Finite T is implemented by BTZ black hole background.

▶ Superficially similar to a holographic superconductor in AdS2:
Charged scalar field Φ, gauge field am.

▶ Double-trace boundary conditions imposed on Φ:
Asymptotic expansion includes vev. and Kondo coupling κ.

▶ At κ = κc, a second order phase transition happens where Φ condenses.
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S = SCS [A]−
∫
d3xδ(x)

√
−g

(
1
4f

mnfmn + γmn(DmΦ)†DnΦ + V (Φ†Φ)
)
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