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relativistic integrable models

E2 + p2 = m2

E(θ) = m cosh(θ), p(θ) = sinh(θ)
integrable: scattering phase

Φ(θ1 − θ2) = −i log(Sscatt )

ϕ(θ) = ∂θΦ = Φ′(θ)
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2d thermodynamics

temperature T = 1/R , density of quasiparticles ρ0

occupation ratio n = ρ0
ρt

= (1 + eRε0)

Free energy: F (T ) = −LR
∫

p′(u) log(1 + e−Rε0(u))

charges Qλ =
∫

dθρ(θ)hλ(θ)
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2d thermodynamics

TBA ε0(θ) =E(θ)− 1
R

∫
d
_

u Φ′(θ − u) log(1 + e−Rε0(u))

BYE ρt (θ) =p′(θ) +

∫
d
_

u Φ′(θ − u)ρ0(u)
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integrable QFT

Due to QFT→ virtual quasiparticles on R circle are present.

ε0(θ) =E(θ)− 1
R

∫
d
_

u Φ′(θ − u) log(1 + e−Rε0(u))

↓

ε(θ) =E(θ) +
i
R

∑
j

Φ(θ − θ+j )− 1
R

∫
d
_

u Φ′(θ − u) log(1 + e−Rε(u))
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integrable QFT

ε(θ) =E(θ) +
i
R

∑
j

Φ(θ − θ+j )− 1
R

∫
d
_

u Φ′(θ − u) log(1 + e−Rε(u))

θ+j =θ + i
π

2
, g±(u) = g(u ± i π2 )

This yields BE corrected by the ground state contribution.

R ε(θ+i ) = i(2ni + 1)π

2niπ =R E(θ+i ) +
∑

j

Φ(θi − θj) + i
∫

d
_

u Φ′(θ+i − u) log(1 + e−Rε(u))
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Thermodynamics

Assume dominant configuration of virtual particles is given by ρ̃

→
∑

j (.) −→ R
∫

d
_

u (.) ρ̃(u)

ε(θ) = E(θ) + i
∫

du Φ(θ − u+)ρ̃(u)− 1
R

∫
d
_

u Φ′(θ − u) log(1 + e−Rε(u))

ε′(θ+) = 2πiρ̃t (θ),

ρ̃t (θ) =E(θ) +

∫
d
_

u Φ′(θ − u)ρ̃(u) +
i
R

∫
d
_

u Φ′′(θ+− u) log(1 + e−Rε(u))

BYE!!! , ⇒ ρ̃ ∼ density of the virtual states.
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Torus

The torus as product of two circles:
L – space × R – the temperature circles→ we can dualize equations:

L↔ R, ρ↔ ρ̃
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Torus

ε(θ) = E(θ) + i
∫

d
_

u Φ(θ − u+)ρ̃(u)− 1
R

∫
d
_

u Φ′(θ − u) log(1 + e−Rε(u))

ρ̃t (θ) =E(θ) +

∫
d
_

u Φ′(θ − u)ρ̃(u) +
i
R

∫
d
_

u Φ′′(θ+− u) log(1 + e−Rε(u))

l L↔ R, ρ↔ ρ̃, ε↔ ε̃ l

ε̃(θ) = E(θ) + i
∫

d
_

u Φ(θ − u+)ρ(u)− 1
L

∫
d
_

u Φ′(θ − u) log(1 + e−Lε̃(u))

ρt (θ) = E(θ) +

∫
d
_

u Φ′(θ − u)ρ(u) +
i
L

∫
d
_

u Φ′′(θ+ − u) log(1 + e−Lε̃(u))

unknown ε̃, ρ̃t , ε, ρt . Twice as many eqs as for L→ ∞.
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Torus
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Figure: Plots of n(θ) (continuum lines) and ñ(θ) (dashed lines). The
parameters are (a) Rm = 1, Lm = 1.5, a = 0.5, µ = 0 (left figure), and (b)
Rm = 0.5, Lm = 0.1, a = 0.15, µ = −1.5 (right figure).

./slides/tTBA (University of Warsaw, Poland) Generalized hydrodynamics of Integrable QFTs June 8, 2024 10 / 19



Partition function for free fermion

Z =trHRe−LHR

log Z =− L
∫

dp
2π

log(1− e−R E(p))

−
∑
n∈Z

log(1− e−L E( 2πn
R )

it is symmetric : (L↔ R)

≈ −L
∫

dp
2π

log(1− e−R E(p))− R
∫

dp
2π

log(1− e−L E(p))

↑ ρ ↑ ρ̃

L↔ R, ρ↔ ρ̃
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Generalized hydrodynamics (GHD)

GHD – integrable models – (infinite) current conservation laws.
ρ(θ, t , x), n(θ, t , x), etc.,

Charge densities qλ(t , x) =

∫
dθ ρ(θ, t , x) hλ(θ)

∂tqλ + ∂x jλ = 0 jλ =?
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jλ =?

Dressing (GHD)

BYE ρt (θ) =p′(θ) +

∫
d
_

u ϕ(θ − u)n(u)ρt (u)

ρt =p′ + ϕ ? nρt , ρ = n ρt , ϕ = Φ′

↓
ρt = (p′)dr

dressing (g)dr = g + ϕ ? n (g)dr

qλ(t , x) =

∫
dθhλn (p′)dr =

∫
dθp′ n (hλ)dr
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GHD

Mirror: (E ,p)→ i(p,E), E → ip ⇒ qλ → ijλ

qλ(t , x) =
∫

p′ n (hλ)dr =

∫
(p′)drn hλ

↓

jλ(t , x) =

∫
E ′n (hλ)dr =

∫
(E ′)dr n hλ

GHD equations.

∂tqλ + ∂x jλ = 0

↓ (g)dr = (1− ϕ ? n)g

(p′)dr∂tn + (E ′)dr∂xn = 0
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Generalized hydrodynamics (GHD)

Figure: Non-trivial fluid dynamics (imagine by color shades varying with x)
take place along L-circle.

./slides/tGHD (University of Warsaw, Poland)Generalized hydrodynamics of Integrable QFTs June 8, 2024 15 / 19



Charges (GHD)

torus TBA −→ ρt =p′ + ϕ ? (nρt + (ϕ−1 ? ϕ−) ? ñρ+
t )

the charge density is nρt + (ϕ−1 ? ϕ−) ? ñρ+
t

qλ =

∫
hλ(nρt + (ϕ−1 ? ϕ−) ? ñρ+

t ) =

∫
(hλnρt + h+

λ ñρ+
t )

ρ̂t =

(
ρt
ρ+

t

)
, ĥ = ... ,n̂ =

(
n 0
0 ñ

)
, g±(u) = g(u ± i

π

2
)

charges qλ =

∫
ĥλn̂ ρ̂t
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Dressing (tGHD)

ρ̂t =

(
ρt
ρ+

t

)
,ϕ̂ =

(
ϕ ϕ−

ϕ+ ϕ

)
, n̂ =

(
n 0
0 ñ

)

torus TBA −→ ρ̂t =p̂′ + ϕ̂ ? n̂ρ̂t ,

New dressing : d̂r (ĝ) = (1− ϕ̂ ? n̂)−1ĝ

New dressing d̂r

ρ̂t = d̂r (p̂′) −→ =

∫
p̂′n̂ d̂r (ĥλ)
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Torus GHD

1̂ · d̂r
∗
(∂t n̂ d̂r (p̂′) + ∂x n̂ d̂r (Ê ′)) = 0.

1̂ = (1, ϕ−1 ? ϕ−?), d̂r = (1− ϕ̂n̂)−1, d̂r
∗

= (1− n̂ϕ̂)−1.

we need to find ñ = ñ(θ,n(θ, t , x)) = (1 + eLε̃)−1 from TBA

ε̃ =E + iΦ−? nρt −
1
L
ϕ ? log(1 + e−Lε̃)

ρt =E + ϕ ? nρt −
i
L
ϕ′− ? log(1 + e−Lε̃)
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ñ� 1 approximation

ñ ≈ exp{−L(E + iΦ−? n (E)dr)}

∂tn +

[
(E ′)dr − iϕ+? (ñ E)

(p′)dr − iϕ+? (ñ p)
− 2π L (ϕ−1? ϕ−) ? ñ(EΦ+ − pΦ+ p

E
))?

]
∂xn = 0
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